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We compute branching ratios and invariant mass distributions of the tau
decays into four pions. The hadronic matrix elements are obtained by starting
from the structure of the hadronic current in chiral limit and then implement-
ing low-lying resonances in the dierent channels with slowly varying coupling
constants. Reasonable agreement with experiment is obtained both for the
 ! 





! (4) cross sections. We derive a











lower than a previous one. Furthermore we supply an interface to use our
matrix elements within the Tauola Monte-Carlo program.





The last two years have provided us with a vast of new data on the physics of the
 lepton. (See [1] for a review of the most recent experimental results.) The overall
branching ratio decit that has been a problem for many years is getting smaller [1]
and considerable improvement in the detection of small exclusive branching ratios
involving 
0
's and kaons has been achieved. In general agreement between theory
and experiment is satisfactory.
In this paper we concentrate on a specic hadronic nal state, namely the 
























. Of course these









data for the total branching ratio are in good agreement with the {data
[4, 5].




























cross section. What is more important, this ansatz allows only
to calculate the integrated rates. In this paper we will obtain a parametrization
of the hadronic matrix element which allows us to describe dierential decay rates.











cross sections. There have been several similar attempts in
the past, let us quote a typical example [6].
In our discussion we follow along the lines set in the phenomenological description
for  decays into three pseudoscalars [8]. Lorentz{invariance dictates the number of
relevant formfactors. Then the resonances dominating these form factors are iden-






and ! mesons) and an expression for the
form factors is constructed. Furthermore the expressions are restricted by assuming
that only on mass-shell vertices contribute and that dierent vertices are related by
Breit{Wigner propagators. In the case of the  decays into three pseudoscalars, the
coupling constants at the vertices were assumed to be constant, and the products of
the coupling constants were xed by the requirement that the formfactors have the
correct chiral limit [9].
In the case of the four pion nal states, we are forced to assume that these prod-
ucts are slowly varying functions of the momentum, because otherwise we cannot
reproduce the experimental data.
An expression constructed from the chiral limit and including  resonances in all
possible ways had been constructed and included in TAUOLA [7]. Unfortunately it
yields a branching ratio o by about a factor of 2 to 4. In this paper we improve this
result by including the 3 resonance, namely the a
1
meson, and obtain reasonable
agreement with experiment.
In section 2 we discuss the general structure of the  decay into four pions and
2
we implement the low{lying resonances according to the dierent 4 nal states
into the hadronic matrix element. We compare the model predictions with a model{
independent determination of the relative probabilities of the channels corresponding
to the alternatives of charged and neutral 's [10]. In section 3 we discuss the two




annihilation and the relationship of these processes to
the  decays into four pions. We discuss the numerical results as well as the invariant
mass{distributions in the various 2{subsystems in comparison to experiment in
section 4.
2 The Four Pion Decay Mode of the Tau









































In the standard model [17] the following eective lagrangian is responsible for the



























are the charged quark current and the
quark mixing matrix respectively. In the following we present a model for the matrix
element of the quark current, which reveals itself as being in agreement with general
properties of a system of multi{pions. These considerations are consequences of a
classication of various pion{subsystems according to isospin [10]. In our model the
charged current consists of three parts which we explain in detail below.
Our model is based on an amplitude derived [9] in the chiral limit, supplemented
by vector dominance to correctly describe the resonances in the 4 mass distributions
and a slow Q
2
dependence of the form factors. In this frame it is quite natural to cal-
culate  ! 4







! ; ! 
and  ! 

;  ! ()
s wave
;  ! . To construct the covariant amplitudes
corresponding to Fig. 1 we need the appropriate vertices and propagators. Follow-
ing the successful reasoning in a similar analyses concerning tau decay into three
pseudoscalar mesons [8] we assume the vertex functions to be given by their on shell





















(! ) = 0 (2)
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where the formfactors are real and assumed to be only slowly varying with the
momentum. In the rst case, we have neglected a further possible formfactor which
is of higher order in momenta.





















where the energy dependent width  
R































































































































































The vector resonances for more meson channels allow a richer structure, containing


























The index i indicates the fact that for rho like resonances which couple to dierent
particles, the relative contributions 
(i)
R
of the dierent radial exitations need not be
the same. For a
1
!  we use the parametrization which was derived in [19] and
also used in [7, 8]:
m


















For all other rho-like resonances we take for the moment a common T

. We x its
parameters (masses, widths and 
R









to experimental data (see Sec. 4).
These eective vertices and propagators allow to construct the full amplitude
for the  decays into 4 nal states using the structure of the chiral currents [9],
and assuming a dominant role of the a
1
meson in these decays, as indicated by the





























In the chiral limit, where the meson masses tend to zero and then the limit s ! 0





































































































Explicit calculation shows that the decay chain  ! 





! ;  !
 alone does not have the correct chiral limit. This can be corrected by adding
5
additional contributions, see Fig. 1 (b), which can be interpreted as being induced


































Thus a second decay chain of the type  ! 

;  ! ()
s
;  !  is built up;













In the chiral limit, the product of the coupling constants and the relative contri-
butions of the two decay chains are xed. However, in order to reproduce the
experimental data, we are forced to multiply the hadronic currents with an ad-
ditional function F (Q
2
), which describes the energy dependence of the form fac-
tors. From the low energy theorem, we know that it is unity at zero momentum
squared, F (0) = 1. However, we have found that F (Q
2










cross sections, we have to assume that F (Q
2
) is considerably lower than unity at
high Q
2
. Now the question arises which functional dependence of F (Q
2
) should be













, the invariant mass of the four pions falls into the relatively
small range of Q
2
= (1:15   1:55GeV)
2
. Therefore we make the approximation
that F (Q
2










 (1:15   1:55GeV)
2
(15)
So in fact we multiply the hadronic current by a constant , but we have to keep
in mind that this might be a bad approximation outside the range indicated above.
Furthermore the two decay chains need not be multiplied by the same function
F (Q
2





and the second decay chain with the ()
s
 intermediate state by a dierent

2















from an anomalous part (!{coupling) [20] in Fig. 2; the matrix element of the



































































































































in [7], where the coupling constants have been extracted from experimental data.
Note, however, that both numbers have some uncertainty. Especially the extraction
of g
!
from the ! !  decay rate is not free from theoretical uncertainties. The
rate for the decay  ! !

obtained with the above product disagrees somewhat












is a number of order one to be determined below.





















channel is forbidden by charge{conjugation invariance). They are accessible
by a dierent I
3
component of the same I = 1 weak current describing  decay. This























































































































































These relations can be inverted (in the range of Q
2


































































































































































Thus any measurement of, and any model for dierential distributions of the tau
decays into four pions has implications for the electron positron annihilation cross
sections. Whereas from a measurement of the tau decays there are of course only





, within a model for tau decays one
can formally assume a larger mass of the tau and deduce predictions for the cross
sections even at higher Q
2
.
Before confronting the model with experiment and making more detailed predic-
tions, it is worth noting that any model for the description of a multipion nal state
has to satisfy quite general conditions of charge correlations following from isospin
considerations [10]. They x the relative probabilities of the channels corresponding
to the various alternatives of charged and neutral 's. In the case of the tau decays





















which is well satised in our model, as will be seen in the next section.
4 Numerical Results in Comparison to Experi-
ment





















). (The parameters of the 
00
 (1700), which turns out
to contribute only very little, are kept at their particle data book values [11].) The








, so the cross section for this process is
independent of g
!
. We determine the other parameters by tting the cross-section


























parameters have been stated for completeness. If we x  = 1 in order
to retain the assumption of constant coupling constants, it is not possible to obtain
a reasonable t within our model. We have tried various modications of our model
in order to be able to obtain a good t with  = 1. For example, we allowed for
dierent resonance parameters for the dierent T
(i)







or assumed that the dominance by the a
1
occurs only for the decay of the (770),
whereas for the 
0
we xed the a
1
resonance factor equal to unity. However, in all
these cases, the best t for the cross section is by about a factor of two or three too
large. Furthermore, when keeping  = 1, the ts tend to prefer unphysical values
for the resonance parameters. Therefore we are convinced that when going from
Q
2




, the couplings at the vertices can not be assumed to be
constant.





1:9{2:2GeV. This could possibly be cured by including the (2150) in the t. As
our main goal is to describe the tau decays, where Q
2









) is presumably no longer constant. There is also some disagreement between




 1:3GeV, but as the
Nowosibirsk and the new Orsay data [14] do not match well, this might be due to
errors in the experimental data.
Next we have xed g
!
by requiring that the experimental results for  ! 

! [4]












and from  ! 

!, we obtain










and for the other tau decays
into four pions.










cross section is shown in Fig. 4. The
experimental data for this state are much poorer than those for the other mode,
and the data from dierent experiments do not agree very well. Note that our
prediction is rather low, but still compatible with the data. It is interesting that our









, see Fig. 3.
Now we will discuss the  decays. Our results for the integrated decay rates are
given in Tab. 1, where we compare with the version 2.4 of Tauola and with exper-




= 295:7 fs (25)






, in the phase space, and





This explains why the numbers in Tab. 1 for Tauola 2.4 do not agree exactly with
those in Tabs. 4 and 5 of [7]. Whereas the numbers for the  ! 

! mode have
been tted by adjusting g
!
, the other values are predictions, and they agree quite
well with experiment.































is practically identical to that of






mode is signicantly lower than theirs. This is











is supported, as we have stated before, by the new Orsay data which where not
available for the analysis in [3].
Note that actually this lower prediction does not depend on details of our model.











. The calculation by Gilman and Rhie used a t to this cross
section which reproduced the Nowosibirsk data at low Q, and estimated the uncer-
tainty from variations of the t in the high Q region. However, as can be seen from
Fig. 3, the Nowosibirsk data do not t well to the Frascati data. The new Orsay
data now strongly support the impression that the Nowosibirsk data are probably
about a factor of two too large at Q = 1:4GeV. Taking this into account brings
the prediction for the tau decay rate down to a value much below the central value
given by Gilman and Rhie.




cross sections and  decay rates has been
performed in [15] where data have been analyzed in terms of partitions as dened
by Pais [10] rather than by a dynamical model. From these results, the authors
















their result is 0:1900:009
or 0:223 0:011, according to dierent data sets.









given in Figs. 5{7. We compare with the Argus data [4] and with the 2.4 version of
Tauola. For the Argus data we have performed a rebinning into larger bins.






which are normalized to the total number of events N . We run the Monte-Carlos
with very high statitics. Therefore the statistical errors of the Monte-Carlo results
are very small and not shown in the gures. At this point it is important to stress
10
Table 1: Numerical results for the integrated decay rates of our model, compared to
Tauola 2.4 and to experimental data







































































































0:39 0:41 0:33 0:05[4]
that the predicted total rate by TAUOLA 2.4 is much too low, which is not visible
in these normalized shapes.
Overall we nd a reasonable agreement between our model and the experimental
data. In the invariant mass of the four pion system (Fig. 5), our prediction for
the peak of the distribution is a bit on the high side, but we do not consider this
as very pronounced. We have tried to improve the t by lowering the mass of the

0





badly disagree with the experimental data.
In comparing the experimental three pion invariant mass distribution in Fig. 6
with our model one should remember the limited experimental mass resolution. Fur-
thermore, we have chosen g
!

























and the absolute number for the branching ratio agree reasonably with the experi-
mental numbers. However, in the line shapes obviously only the relative contribution
of the ! channel is important, which comes out a bit on the high side with g
!
= 1:4.
A somewhat lower value of about 1.2 or 1.3 would result in a better t here.
In the case of the two pion invariant mass distributions (Fig. 7 (a){(e)), we get
good agreement for the charged opposite sign combination (containg the 
0
)(Fig. 7(a))
and the charged like sign one (Fig. 7(e)). In the case of the charged-neutral combi-










data related through CV C. We improved the hadronic matrix







and ! mesons in the dierent channels into the chiral structure. In
particular we respected the dominant role of the a
1
meson as indicated by the








and  ! 

! and obtained
predictions for the other four{pion decay modes of the {lepton (Table 1). We have















which is signicantly lower than the prediction by Gilman and Rhie of 0:275 (0:185
{ 0:305) [3]. This prediction is supported both by the prediction of our model and











We have studied in detail two{ three{ and four{pion mass distributions based
on a detailed dynamical model with slowly varying form factors and compared our
predictions with available data. In general we nd reasonable agreement between
the TAUOLA Monte Carlo with our matrix elements and the experimental data.Fine
tuning of the parameters is left to the experimentalists and requires more accurate
data.
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Our model is available in the form of a FORTRAN code suitable to be used with
the Monte-Carlo Tauola. The le HCURR4PI.F contains three COMPLEX FUNC-
TIONs, viz. BWIGA1, BWIGEPS, FRHO4 and the SUBROUTINEs CURINF,
CURINI and CURR. The latter is the main subroutine, which calls the other func-
tions and routines and which replaces the original subroutine CURR of Tauola
2.4. Therefore the user has to delete the subroutine CURR in Tauola 2.4 and link
our HCURR4PI instead. The subroutine CURINF prints some general information
about the new routine CURR. The subroutine CURINI initializes the COMMON
block /TAU4PI/ with the values we obtained in our t. The meaning of the individ-
ual parameters is explained in Tab. 2. Alternatively, the user may choose to perform





may be chosen dierently.
Table 2: Input parameters in the common block TAU4PI
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